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1 Introduction 



This article continues a program to study automorphism groups of vertex operator 
algebras. See references in the survey [G2j and the more recent articles |Glj . IDCillj . 
pn2\ . [DTTR] and jDNTJ. 

Here we investigate the fixed point sub VGA of a lattice type VGA with respect to 
a group of order 2 lifting the —1 map on a positive definite lattice. We can obtain a 
definitive answer for the automorphism group of this sub VGA in two extreme cases. 
The first is where the lattice has no vectors of norms 2 or 4, and the second is where 
the lattice has rank 2. 

We use the standard notation Vl for a lattice VGA, based on the positive definite 
even integral lattice, L. For a subgroup G of Aut{L), denotes the sub VGA of 
points fixed by G. When G is a group of order 2 lifting — 1^, it is customary to write 

for the fixed points (though, strictly speaking, G is defined only up to conjugacy; 
see the discussion in |DGHj or |GHj ). 

The rank 2 case is a natural extension of work on the rank 1 case, where AutiV^) 
was determined for all rank 1 lattices L and all choices of finite group G < AutlVi). 
The styles of proofs are different. In the rank 1 case, there was heavy analysis of 
the representation theory of the principal Virasoro sub VGA on the ambient VGA. In 
the rank 2 case, there is a lot of work on idempotents, solving nonlinear equations as 
well as work with several subVGAs associated to Virasoro elements. For rank 2, the 
case of nontrivial degree 1 part is harder to settle than in rank 1. 

Gur strategy follows this model. Let V be one of our V^. We get information 
about G := Aut{V) by its action on the finite dimensional algebra A := (V2, 1'^*). We 
take a subset S of A which is G-invariant and understand S well enough to limit the 
possibilities for G (usually, there are no automorphisms besides the ones naturally 
inherited from Vl)- A natural choice for S is the set of idempotents or conformal 
vectors. Usually, S spans A, or at least generates A. In the main case of rank 2 
lattice, we prove that Aut{V) fixes a subalgebra of A which is the natural M(l)^. 
The structure of V is controlled by M{1)~^, which is generated by M(l)^ and its 
eigenspaces, so we eventually determine G. 

For several results, we give more than one proof. 

For the case of a lattice L without roots, the automorphism group of was 
studied in the recent article jSj. 

We thank Harm Derksen for help with computer algebra. 
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2 Background Definitions and Notations 



Notation 2.1. Let L be an even integral lattice. For an integer m, define := 
{x G L\{x,x) = 2m}. Let H := C ^ L, the ambient complex vector space. For a 
subset S of L, define rank{S) to be the rank of the sublattice spanned by S. 

Definition 2.2. For a lattice, L, the group of automorphisms of the free abelian 
group L which preserves the bilinear form is called the group of automorphisms, 
the isometry group, the group of units or the orthogonal group of L. This group is 
denoted Aut{L) or 0{L). We will use the notation 0{L) in this article, as well as 
the associated SO{L) for the elements of determinant 1, PO{L) for 0(L)/{±1} and 
PSO{L) for SO{L)/SO{L) n {±1}. 

Definition 2.3. For an even integral lattice, L, we let L be the 2-fold cover of L 
described in |FLMj . |DGHj . |GHj . We may write bars for the map L ^ L. The 

the group of automorphisms, the isometry group, the group of units or orthogonal 
group is the set of group automorphisms of L which preserve the bilinear form on the 
quotient of L by the normal subgroup of order 2. It is denoted Aut{L) or 0{L) and 
has shape 2™"*^(^).0(L). We use bars to denote the natural map 0{L) —>■ 0{L). 

We list some notations for work with lattice type VOAs. 

List of Notations 



V{L) 

FVOA 
LVOA 
LVOA type 

LVOA+ 
LVOAG(L) 



the discriminant group of the integral lattice L is 'DlL) := L*/L. 
standard basis element for C[L] 
framed vertex operator algebra |DGHj 
lattice vertex operator algebra |FLMj 

the fixed points of a lattice vertex operator algebra under a 
finite group of automorphisms [DCtH IDCilRj 

for an even lattice L 
the subgroup of AutiVL), for an even integral lattice L, 
as described in |DNlj : it is denoted N(L) and is an extension 
of the form T.Aut{L) (possibly nonsplit), where T is a natural copy 
of the torus CoL/L* 

obtained by exponentiating the maps 2ttxq, for x G Vi; 

the quotient of this group by the normal subgroup 

T is naturally isomorphic to Aut{L). Also, N(Z/) is the product of 

subgroups TS, where S = 0{L) and 



Sf\T = {xe T|x2 = 1} ^ z: 



Tank(L) 



We may take S to be the 
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centralizer in LVOAG(L) of a lift of —1; it has the form 
2^"''^'^(^\Aut{L) and in fact any such S has this form. 
Denote the groups S,T by 0{L) and T{L), respectively, 
this means LVOAG(L). 
this means LVOAG(L), for some L 

this is the centralizer in LVOAG(L) of a lift of —1 modulo the 
group of order 2 generated by the lift; 

it has the form 2™"'=(^).[AMt(L)/(-l)]; it is the inherited group 
this means LVOAG+(L), for some L. 
same as LVOAG"*" 
See Section 3. 
See LVOAG(L) 
linear map from V to End{V) 
See LVOAG(L) 
See LVOAG(L) 
+ e"" 

given an even integral lattice, L, this is a group of shape 2^+'''^"'^('^) 
for which commutation corresponds to inner products modulo 2; 
see an appendix of [(^Hj . 
an extension of X upwards by 0{L). 

a quotient of XO by a central involution which corresponds to —1^ 
under the natural epimorphism to 0{L). 

Remark 2.4. If (L, L) C 2Z, L ^ L x (±1). Thus 0{L) contains a copy of 0{L) 
which complements the normal subgroup of order 2'"'^"'^'^^^ consisting of automor- 
phisms which are trivial on the quotient group L of L. This splitting passes to the 
groups PO{L) and XPO(L). 



LVOA group for L 

LVOAG 

LVOAG+(L) 



LVOAG+ 

LVOA+-group 

M(1),M(1)+ 

M(L) 

o 

0(L) 
T(L) 

Xor X(L): 



XO or XO(L) 
XPO or XPi 



3 Automorphism group of with Li = L2 = 

In this section, we determine the automorphism group of with Li = L2 = 
and assume only that rank{L) > 1. The automorphism group of in the case 
rank{L) = 1 is determined in [DGl] without any restriction on L. The assumption 
that Li = L2 = ensures that any automorphism of preserves the subspace 
M(l)^, which can be identified with the Jordan algebra S^H. 

Since M{1)~^ is generated by M(l)^ if dimH > 1 and is a direct sum of 
eigenspaces for M(l)^ (cf. [AD]), the structure of Aut(y^) can be determined easily. 
We shall use a classic result. 
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Proposition 3.1. The automorphism group of the Jordan algebra of symmetric nxn 
matrices is PO{n,C), acting by conjugation. 

Proof. 15 . □ 

3.1 Aut{M{l)+) 

We first recall the construction of M{1)'^ . Let H he a n-dimensional complex vector 
space with a nondegenerate symmetric bilinear form (-, ■) and H = H^C[t, t'^] ©C c 
the corresponding affine Lie algebra. Consider the induced if-module 

M(l) = UiH) 0u{Hmtmc) C ~ ® t-^C[t-']) (linearly) 

where H ® C[t] acts trivially on C, and c acts as 1. For a (z H and n G Z we set 
a{n) := a® t". Let r be the automorphism of M(l) such that 

r(ai(-?2i) ■ ■■ak{-nk)) = {-lfai{-ni) ■ ■■ak{-nk) 

for G H and ni> ■ ■ ■ >nk>'\.. Then M{1)^ is the fixed point subspace of r. 

Proposition 3.2. The automorphism group o/M(l)+ is PO{n,C). 

Proof. We first deal with the case that dim if > 1. Then M{1)~^ is generated by 
M(l)^ (cf. [DN2]), which is a Jordan algebra under u ■ v = uiv for u,v E M(l)^. 
So any automorphism of M{1)~^ restricts to an automorphism of the Jordan algebra 
M(l)^. On the other hand, the automorphism group of M(l) is 0{n, C) [DM2], which 
preserves M(l)+. Clearly, the kernel of the action of 0{n, C) on M{1)~^ is {±1}. As a 
result PO{n, C) is a subgroup of the automorphism group of M(l)+. By Proposition 
13.11 any automorphism of M(l)^ extends to an automorphism of M{1)~^. 

We now assume that dim if = 1. Then M{1)~^ is not generated by M(l)^. By 
Lemma 2.6 and Theorem 2.7 of [DGl] for any nonnegative even integer n there is 
a unique lowest weight vector u" (up to scalar multiple) of weight and M(l)+ is 
generated by the Virasoro vector and -u". Using the fusion rule given in Lemma 2.6 
of [DGl] we immediately see that the automorphism group of M{1)~^ in this case is 
trivial. Clearly, P0(1,C) = 1. This finishes the proof. □ 

3.2 Aut(y+) 

First we review from [B] and [FLM] the construction of lattice vertex operator algebra 
Vl for any positive definite even lattice L. Let H = C ®i L. Recall that L is the 
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canonical central extension of L by the cyclic group (±1) such that the commutator 
map is given by c(a,/?) = (— 1)*^"'^). We fix a bimultiplicative 2-cocycle e : L x L — > 
(±1) such that e(a, /?)e(/?, a) = c(a,/5) for a,P E L. Form the induced L-module 

C{L} = C[L] ®c[(±i>] C ~ C[L] (linearly), 

where C[-] denotes the group algebra and —1 acts on C as multiplication by —1. For 
a G I/, write i(a) for a 1 in C{L}. Then the action of L on C{L} is given by: 
a ■ L{h) = L{ab) for a,b & L. If {L,L) C 2Z then C{L} and C[L] are isomorphic 
algebras. The lattice vertex operator algebra Vl is defined to be M(l) ® C{L}, as a 
vector space. 

Then 0(1/) is a naturally defined subgroup of Aut(I/) and Hom{L, Z/2Z) may be 
identified with a subgroup of 0{L) (see [FLM] , [DNl], [GH]) and there is an exact 
sequence 

1 ^ Hom{L, Z/2Z) ^ 0(L) ^ 0(L) ^ 1. 

It is proved in [DNl] that Aut{VL) has shape N-0{L) where N is the normal subgroup 
of AutlVi) generated by 6"^° for u G {Vl)i. Note that Hom{L, Z/2Z) can furthermore 
be identified with the intersection of and 0{L). See the List of Notations. 

Let e : L — i> L be a section associated to the 2-cocycle e, written a ^ Ca- Let 
9 be the automorphism ^ of L of order 2 such that Oca = e-a for a E L. Then 9 
extends to an automorphism of Vl, still denoted by 0, such that 6*1^/(1) is identified 
with r and 9L{a) = L{9a) for all a E L. Set = 6(e„). Then = e~". 

Let be the fixed points of 9. In order to determine the automorphism group 
of V^, it is important to understand which automorphism of Vl restricts to an 
automorphism of V^. Clearly, the centralizer of 9 in Aut{VL) acts on V^. So we get 
an action of 0(I/)/(±l) on V^. Let h E H. Then e^'^*'^'^°) preserves V^ if and only 
if (/i, a) = (/i, —a) modulo Z for any a G L. That is, /i G \L* where L* is the dual 
lattice of L. 

Lemma 3.3. The subgroup of Aut{y^) which preserves M(l)^ is just the LVOA^- 
group. 

Proof. Let n := dim{H). Let a G Aut{V^) such that aM{l)^ C M(l)^. 
Then cx|^(^)+ G PO{n,C) as in O Note that M(l)+ is generated by M(l)+ as 
rank{L) > 1 (see the proof of Proposition IH.2j) . So, a preserves M(l)+. 

For any a E L, let V^(a) be the M(l)"'"-submodule generated by Va '■= + 
e~". Then V2''(a) is an irreducible M(l) "'"-module, V^{a) and V^{(3) are isomorphic 
M(l) """-modules if and only if a = ±(3 (cf. |ADj ) . Moreover, if a 7^ then Vj^{a) is 
isomorphic to M(l) (g) e° (cf. |XDj). 
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Note that = X^aei 5" be a subset of L such that |S'n{±a}| = 1 for 

any a E L. Then for any two different a, P & S, Vj^{a) and V^(/3) are nonisomorphic 
M(l) "'"-modules and 

is a direct sum of nonisomorphic irreducible M(l)"'"-modules. 

Let a E L. Since a preserves M(l)"'", it sends V^{a) to V^{P) for some P E L. 
The vector Va is the unique lowest weight vector (up to a scalar) of V^(a). This 
imphes that a{va) = \vp for some nonzero scalar A G C (depending on a and (3). 

For a vertex operator algebra V and a homogeneous G we set 0(11) = Vy^tv-i 
and extend to all of V linearly. Note that is an eigenvector for o{v) for v G 
M(l)^. In fact, o(/ii(— l)/i2(— l))fQ, = {hi, a)(/i2, for /ij G i?. Recall the proof of 
Proposition 13.21 We can regard the restriction of a to (Vj^)2 — ^(1)2^ as an element 
of 0(n,C), well-defined modulo ±1. Then (t(/ii(-1)/i2(-1)) = {ahi){-l){ah2){-l). 
Note that cr~^ is the adjoint of a. Then, 

{hi,a){h2,a)Xvii = a{{hi, a){h2, a)va) = cr{o{hi{-l)h2{-l))va) 
= oia{h{-l)h2i-mXvfs = iah,l3)iah2,l3)Xvp. 

Since the hi are arbitrary, aa = ±/3. Thus a maps L onto L so induces an isometry 
of L which is well defined modulo (±1). 

Multiplying a by an element from LVOAG"'"(L) (which comes from N(I/)), we can 
assume that o"|m(i)+ = idM{i)+ Then ava = XaVa for some nonzero Aq G C. Since 
V^(a) is an irreducible M(l)"'"-module we see that a acts as the scalar A^ on V^(a). 
Clearly, Aq = A_q. Note that 

Y{va,z)vf3 = E^(-a,;z)e(a,/5)e"+^2("'^) +E-(-a,2)e(a,-/5)e"-^z-("'^) 
+E- (a, z)e{-a, /3)e-°+^z-("'^) + ^-(a, z)e(a, /5)e-"-^z("'^) 

where 

«,z =exp . 

^-^ n 

n<0 

Thus, if n is sufficiently negative, {Va)n{vi3) = u + v for some nonzero m G V^(« + /3) 
and V G V^"^(-a + This gives A„A^ = X^+p = X^-fs by applying a to {va)n{v(}) = 
u + v. So a 1-^ Aq, defines a character of abelian group L/2L of order 2^. Clearly, any 
character A : L/2L (±1) defines an automorphism a which acts on V^{a) as Aq,. 
As a result, the subgroup of Aut{Vj]') which acts trivially on M{1)~^ is isomorphic the 
dual group of L/2L and is exactly the subgroup of 0{L)/ (±1) which we identified 
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as Hom(L, Z/2Z). As a result, the subgroup of Aut{Vj]^) which preserves M(l)^ is 
exactly the group 0{L)/{±1), as desired. □ 

Proposition 3.4. Let L be a positive definite even lattice such that Li = L2 = 0. 
Then Aut{Vj]^) is the inherited group, i.e., the LVOA~^ -group. 

Proof. In this case we have {V^)2 = Af(l)^. Thus, any automorphism of Vj^ 
preserves M(l)^. By Lemma EiHl ^^^(^i^) is the LVOA^-group. □ 

4 Rank 2 lattices 

All lattices in this article are positive definite. Throughout this article, L denotes an 
even integral lattice. We recall a general result. 

Lemma 4.1. Let L be a lattice and M a sublattice. 

(i) If \L : M| IS finite, det{M) = det{L)\L : Mp. 

(ii) If M is a direct summand of L, L/[M + annL{M)] embeds in T>{M). 

Proof. These are standard results. For example, see |G3i[ . □ 

We need to sort out rank 2 lattices by whether they contain roots or elements of 

order 4, due to their contributions to low degree terms of the lattice VOA. We shall 

use the notations 12.11 

Lemma 4.2. Suppose that rank{Li) = 2. Then Li spans L and L is one of L^2 or 
La2- 

Proof. The span of Li is isometric to or La2- Each of these is a maximal 
even integral lattice under containment. □ 

Lemma 4.3. Suppose that rank{Li) = 1. Let r E Li and let s generate anniir). 
Then (s, s) > 4 and if L > span{r, s}, then 14 < (s, s) G 6 + 8Z. 

Proof. Note that Zr is a direct summand of L. We have (s, s) > 4. In case 
L > N := span{r, s}, L/N has order 2, bv 14.11 If x represents the nontrivial coset, 
{x,x) > 4 then (2x, 2x) > 16. Also, (2x, 2a;) G 8Z. Since {x,r) is odd, if we write 
2x = pr + qs, for integers p,q E Z, then p is odd and so s) G 6 + 8Z. It follows 
that q is odd and (s, s) G 6 + 8Z. □ 

Lemma 4.4. Suppose that Li = and rank{L2) = 2. Ifr, s are linearly independent 
norm 4 elements, then they span L and have Gram matrix G = ^ ^ 4 ) ' '^^^ some 
b G {0,±1,±2}. 
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Proof. \{ L ^ N := span{r, s}, then det{N) = 16 — 6^ is divisible by a perfect 
square, whence b = or b = ±2 and the index is 2. Actually, 6 = does not occur 
here since |r, ^ L implies that |(r + s) G Li, a contradiction. So, b = ±2. Clearly, 
span{r, s} = \/2La2- However, any integral lattice containing the latter with index 2 
is odd, a contradiction. Therefore, L = N and the Gram matrix is as above. Positive 
definiteness implies that |6| < 4 and rootlessness implies that b ^ ±3. □ 

Lemma 4.5. Suppose that Li = and rank{L2) = 1. Let r E L2 and let s generate 
annilx). Then {s,s) > 6 and L/span{r,s} is a subgroup of Z^. 

If the order of L/span{r, s} is 2,8 < {s, s) G 4 + 8Z. 

// the order of L/span{r, s} is 4, 28 < (s, s) G 28 + 32Z. 

Proof. Let x be in a nontrivial coset of := span{r, s} in L. 

If (x, r) G 2 + 4Z, 2x = pr + qs, where p is odd. We have {x, x) > 6, p odd 
and g 7^ 0. Therefore, (2a;, 2a;) G 8Z, 24 < 4p^ + (s,s)g^, whence q is odd and 
(s,s) G 4 + 8Z. 

If (x,r) G 1 + 2Z, {Ax, Ax) G 32Z. We have {x,x) > 6, whence (4a;, 4a;) > 96. If 
we write Ax = pr + qs, we have Ap"^ + g^(s, s) G 32Z. Since p is odd, G 1 + 8Z 
and 4p2 G 4 + 32Z. Since (s, s) is even, q is odd, G 1 + 8Z and (s, s) G 4 + 8Z. It 
follows that \q^{s, s) G 7 + 8Z whence \{s,s) e7 + 8Z. □ 

5 About idempotents in small dimensional alge- 
bras 

We can derive a lot of information about the automorphism group of a vertex operator 
algebra by restricting to low degree homogeneous pieces. For the problem, the 
degree 2 piece and its product x,y ^ Xiy give an algebra which is useful to study. 
Here, for rank{L) = 2, we concentrate on some commutative algebras of dimension 
around 5. Commutativity of {V^, 1**) is implied if Li = 0, which is so for b G 
{0,±1,±2} as in 101 

It does not seem advantageous to give particular values to b most of the time, so 
we keep it as an unspecified constant in case these arguments might be a model for 
future work. In the present work, we shall note limits on b, as needed. 

Notation 5.1. Let S be the Jordan algebra of degree 2 symmetric matrices and 
suppose that A is a commutative 5 dimensional algebra of the form A = S(BCvrQ)Cvs- 
Suppose that Vr y< Vg = and that the notations of Appendix: Algebraic rules apply 
here, with the usual inner products and algebra product. Let w = p + CrVr + CgVs be 
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an idempotent. Suppose also that t is a norm 4 vector orthogonal to r. Let cti, a2, 
be scalars so that p = air^ + a2rt + a^t'^. 

Remark 5.2. We note that the basis r,s of H has dual basis r*,s*, where r* = 
Yg3p-(4r - bs) and s* = jqz^{4:S - hr). The identity of A is \ j^^{'rr* + ss*) = 

Notation 5.3. If w is an element of A, write w = p+q for p G S^H and q G CvrQCvg- 
Call the element w := p — q the conjugate element. The components p, q are called 
the P-part and the Q-part of if. Extend this notation to subscripted elements: 
Wi=pi + qi, Wi=pi- qi, for indices i. 

Remark 5.4. In 15.31 q^ G S^H since x t>s = 0. Also w = p + g is an idempotent 
if and only if p = p^ + q^ and q = 2p x q. Therefore, w = p + q is a.n idempotent if 
and only if the conjugate p — g is an idempotent. 

Lemma 5.5. Suppose that wi and W2 are idempotents and their sum is an idempo- 
tent. Then Wi x W2 = and (^1,^2) = 0. 

Proof. We have {wi + 102)^ = wf + 2wi x W2 + w^, whence Wi x W2 = 0. Also, 

(^1,^2) = {wl,W2) = {Wi,Wi X W2) = 0. □ 

Definition 5.6. Throughout this article, an idempotent is not zero or the identity, 
unless the context clearly allows the possibility. We call an idempotent w of type 0, 
1, 2, respectively, if it has Q-part which is 0, is a multiple of Vr or Vg, or is not a 
multiple of either Vr or Vg- 

Lemma 5.7. Then (i) x = Abrs, r"^ xr'^ = 16r^, 3^x3^ = 16s^, rsxrs = 4r^ + 
4s^-|-26rs; x^xvr = {x,rYvr = |(x^,r^)fr; r'^xrs = 8rs+26^r^, s^xrs = 8rs+26^s^; 

also Vr X Vr = , Vr X Vg = 0, Vg X Vg = . 

(ii) (r2,r2) = 32 = (s^s^), (r^, s^) = 26^ {rs,rs) = 16 + 6^, {rs,r^) = 8b = 
(rs, s^) and (fr,fr) = 2 = (fs,fs) and {vr,Vg) = 0. 

Proof. See the Appendix (and take a = d = 4, b 0, ±2). □ 
5.1 Idempotents of type 

Lemma 5.8. These are just idempotents in the Jordan algebra of symmetric matri- 
ces. They are ordinary idempotent matrices which are symmetric. Up to conjugacy 
by orthogonal transformation, they are diagonal matrices with diagonal entries only 
1 and 0. 



11 



5.2 Idempotents of type 1 

Notation 5.9. The next few results apply to the case of an idempotent of type 1, i.e., 
the form w = p + CrVr, where Cr ^ 0. In such a case, w = w'^ = + cf.r'^ + Cr{p, r'^)vr 
(see the Appendix : Algebraic Rules) From ^ 0, we get (p, r^) = 1. We continue 
to use the notation of 15.11 

Lemma 5.10. Suppose that Cr ^ Q and Cg = 0. We have ai = IGaf + 4a| + c^; 
02 = 1602(01 + 03); 03 = 1603 + and {p,r^) = 1. 

Proof. Compute p + CrVr = w = w"^ = p^ + c^r"^ + Cr {p, r'^)vr (see 15. Tj) and expand 
in the basis r^, rt, t^, Vr- □ 

Corollary 5.11. Oi = ^. 

Proof. We have 1 = (p, r^) = ai(r^,r^) = 32ai, whence cli = □ 

Lemma 5.12. Suppose that Cj. 7^ and Cs = 0. Then 
(Al) ai = IGal + Aal + c^; 
(A2) a2 = 1602(^1 + 0,3); o,nd 
(A3) as = IGal + ial 

Proof. Compute = (16a^ + 4al)r'^ + 16(aia2 + asa2)rt + (IGag + Aal)t'^ and 

use W = w'^ = p"^ + C^r"^ + CrVr- □ 

Lemma 5.13. Suppose that Cr 7^ and Cg = 0. // 02 = 0, then G {0, ^} and 

Proof. We deduce from (A3) that 03 = 16a|, then c,. = ±|. □ 

Lemma 5.14. Suppose that Cr ^ and Cg = 0. Then 02 = 0. 

Proof. If a2 7^ 0, then from (A2), 1 = 16(ai + 03) and we get = ^. Next, use 
(A3) to get ^a\. Finally use (Al) to get c,. = 0. □ 

Theorem 5.15. Assume that Cr ^ Q and Cg = 0. Then 
(i) ai = ^, 02 = 0, Cr = ±|; and 

(a) either {w,w) = ^ and 03 = 0; or {w,w) = ^ and 03 = ^. 
All of the above cases occur. If an idempotent occurs, so does its complementary 
idempotent. 

Proof. This is a summary of preceding results. □ 
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Lemma 5.16. If w is an idempotent of type 1, then 

(i) if {w,w) = j^, the eigenvalues for ad{w) are l,0,0,;j,|^. Eigenvectors for 
these respective eigenspaces are w,l — w, t"^, rt, Vg', 

(a) if {w,w) — the eigenvalues for ad{w) are 0, 1, 1, |, 1 — Eigenvectors 
for these respective eigenspaces are w,l — w,t^ ^rt^Vg- 

If ^ 0,1, J, J, the multiplicities of and 1 are 2 and 1 in case (i) and 1 and 2 
in case (ii). 

Proof. Straightforward calculation. Note that |^ ^ 0, 1, |, | follows if h is 
rational □ 

Corollary 5.17. If w is a type 1 idempotent and is the sum of two nonzero idem- 
potents, Wi,W2, then w has the form -^r^ + ± and Wi,W2 are, up to order, 
± and ^t"^. 

Proof. If w is such a sum, each Wi is in the 1-eigcnspace of ad{w), which must 
be more than 1-dimensional. This means that w has norm ^ and one of the Wi, say 
for i = 1, has type 1 and Q-part ±1^^. Therefore, W2 has type 0, whence norm |. 
This means that wi has norm and so we know that Wi has shape ± 1^;^ and 
w = ^i^. □ 

16 

5.3 Idempotents of type 2 

Hypothesis 5.18. We assume in this subsection that the parameter 6 7^ 0, ±2, ±3 
(which means b = ±1). Then the algebra {V2, 1**) is commutative since Vi — 0. 

Notation 5.19. p = c{r'^ + s^) + drs, v = Cj.Vr + CsVs- 

Lemma 5.20. If Cr and Cg are nonzero, then there are at most 8 possibilities for w . 
In more detail, there are at most two values of c (and, correspondingly, of d). We 
have — c^ and this common value depends on c (or on d). 

Proof. Compute p + CrVr + CgVg — w — w"^ — p"^ + c^r'^ + c^s^ + Cr{p, r'^)vr + 
Csip, s'^)vs- Since and Cg are nonzero, (p, r^) — 1 — (p, s^). 

Since (r^r^) = 32 = (s^s^)^ {rs,r'^) ^ 8b = (rs, s^) and (r^, s^) = 16 + 6^ we 
have p = c(r^ + s^) +drs. for some scalars, c, d. The previous paragraph then implies 
that 1 = (32 + 262)c + 8bd. Since 6 7^ 0, 

(el) d= ^(2c(32 + 262) - 1) 

80 

is a linear expression in c. 
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Now, p2 = (I6c2 + 4d^) (r^ + s^) + {2bc^ + 2b<f)rs and so w"^ = {IQc^ + A<P + cDr"^ + 
(IGc^ + 4(i2 + c2)s2 + {2bc^ + 2b<f )rs + c,.t;r + c^^^^. It follows that cl = c^. 
We compare coefficients of and get 

(e2) c = 16c2 + A£ + cl. 

We compare coefficients of rs and get 

(e3) d = 2bc^ + 2bd^. 

Since d is a linear expression in c, c satisfies a quadratic equation, depending on b 
but not = c^. The degree of this equation really is 2 since 6 7^ real imphes that 
the top coefficient is nonzero. 

It follows that the ordered pair d, c has at most two possible values. For each, 
there is a unique value for c^, hence at most two possible values for Cr (and the same 
two for Cg). Therefore there are at most eight idempotents of type 2. □ 

Lemma 5.21. c 7^ and d ^ 0. 

Proof. Suppose that c = 0. We then have p = drs, d = On the other hand, 
since w = drs + f is an idempotent, the coefficient for w"^ at rs is d = Sbc^ + 2bd'^ = 
2bd'^ = 2bd'^, which implies that 1 = 2bd. This is incompatible with d = 

If d = 0, equation (e3) implies that c = 0, which is false. □ 

Lemma 5.22. If w is a type 2 idempotent, w = c{r^ + s^) + drs + CrVr + CsVs and 
1 — w is the complementary idempotent, expanded similarly as 1 — w = c' {r"^ + s"^) + 
d'rs + c'^Vr + c'gVs, then c'. = —Cr 7^ c^, c'^ = —Cg, c^ d and d 7^ d! . In particular, in 
the notation of \5.2IA the function c^ c^ is 2-to-l and so only one value of c^. occurs 
for type 2 idempotents. 

Proof. If it were true that c = c', then w = + v and 1 — w = |l — f . Since 
these are idempotents, f ^ = ^I. However, this is impossible as 6 7^ ±2 implies that 
v"^ is a multiple of + and I is not a linear combination of r^, for 6 7^ (see 

ra . □ 

5.4 Sums of idempotents 

Hypothesis 5.23. We continue to take b = ±1. Results of the previous subsection 
apply. 

In the arguments in this section, we allow the symbol b to be any odd integer, 
though the lattice is positive definite only for 6 = ±1. 
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Lemma 5.24. Suppose thatwi,W2 are two idempotents of type 1. If wi + W2 is an 
idempotent, then wi + W2 does not have type 1 or type 2. 

Proof. We eliminate the sum having type 1 with Lemmas 15.171 To ehminate a 
sum having type 2, we note that for type 1 idempotents, we have 02 = by 15.151 
whereas (i 7^ for type 2, bv 15.211 □ 

Lemma 5.25. Ifwi, W2 are idempotents of type 2 and not complementary, their sum 
is not an idempotent. 

Proof. Assume that the sum w is an idempotent. From 13?^ the sum has type 
0, so has the form ^^m^, for some vector u & H oi norm 4. The eigenvalues of ad{u) 
are 1, 0, | and jq{u, r)^, j^iu, s)^, with respective eigenvectors u^, 1 — u^, ^uu', Vr, Vg, 
where u' spans the orthogonal of u in H. 

Now, wi, W2 are linearly independent (or else they are equal, which is impossible). 
This means that the eigenvalue 1 has multiplicity at least 2. So, at least one of 
{u, r)^, (m, s)^ is 16. Since Wi, W2 lie in the 1-eigenspace of ad{u) and both Wi have type 
2, both these square norms must be 16, i.e., m := {u,r) = ±4 and n := (m, s) = ±4. 
Since r, s form a basis and the form is nonsingular, this forces u = mr* + ns*, where 
r*,s* is the dual basis. We have 4 = {u,u) = 16(r*,r*) + 2mn{r*,s*) + 16(s*,s*). 
The right side is Ygzp-[16(4r — 6s, 4r — 6s) +2mn(4r — 6s, 4s — 6r) + 16(4s — 6r, 4s — 6r)]. 

Since 6 is an odd integer, the above rational number in reduced form clearly has 
numerator divisible by 16, so does not equal 4, a contradiction. □ 

Lemma 5.26. The sum of a type 1 and type 2 idempotent is not an idempotent. 

Proof. Assume that w := wi + W2 is an idempotent. Obviously it does not have 
type 0. Bv l5.17| it does not have type 1. 

We conclude that w has type 2. However, the coefficients of w at and s^ 
must be equal for type 2, a contradiction since this forces the P-part if the type 1 
idempotent to be 0. □ 

Corollary 5.27. The only idempotents which are a proper summand of some non- 
trivial idempotent are the ones of type 1 and norm ^. There are 4 such and they 
come in orthogonal pairs, which are just pair of idempotents and their conjugates. 

Corollary 5.28. Aut{A) is a dihedral group of order 8. 

Proof. The automorphism group preserves and acts faithfully on the set J of 
type 1 idempotents of norm ^, the complete set of idempotents which are proper 
summands of proper idempotents, and furthermore preserves the partition defined by 
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orthogonality. The orthogonal in A of the nonsingular subspace span{J) is spanned 
by V := r'^ + s'^ — ^^^-rs. We claim that if an automorphism acts trivially on span(J), 
it acts trivially on A. This is so because rs G span{r'^ x s^, r^, s^} and {rs} U J spans 
A. 

This proves that the automorphism group of A embeds in a dihedral group of 
order 8. This embedding is an isomorphism onto since the LVOA+- group embeds in 
Aut{A). □ 

Proposition 5.29. Aut{V^) is just the LVOA^ -group, isomorphic to Dih^. 

Proof. In this case we have (V^)2 = ^(1)2^- Thus any automorphism of 
preserves M(l)^. Now use IH.HI □ 

6 Automorphism group of with rank(L) = 2 

In this section, we assume that the rank of L is equal to 2. If Li = L2 = 0, the 
automorphism group of was determined in Proposition 13.41 So in this section we 
assume that Li or L2 is not empty. 

6.1 Li = and rank{L2) = 2; 6 = 0. 

Note that L is generated by L2. We will discuss the automorphism group according 
to the value h in the Gram matrix G (see I4.4|l . 

First we assume that 6 = in the Gram matrix G. Then L = \/2La-^ -L V2Lai, 
where L^i is the root lattice of type Ai. Let L = Zai © Za2 with (ctj, aj) = Adij for 
i,i = 1, 2. Set 

We also use 02 to define 003 and in the same fashion. Then Ui for i = 1,2,3,4 
are commutative Virasoro vectors of central charge | (see [DMZ] and [DGH]). It is 
well-known that (V^)2 is a commutative (nonassociative) algebra under u x v = Uiv 
since the degree 1 part is (cf. [FLM]). Let X be the span of uoi for all i. 

Lemma 6.1. If u (z (V/,)2 is a Virasoro vector of central charge 1/2 then u = uji for 
some i. 
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Proof. The space {Vl)2 is 5-dimensional with a basis 



{uji,uj2, ^3, ^4, ai(-l)a2(-l)}- 

Let u = ^'^^i CiUJi + l)a2(— 1) ^ {^1)2 be a Virasoro vector of central charge 

1/2. Then u x u = 2u. Note that uJi x cijj = 6ij2uJi for z,j = 1,2,3,4, x 
l)a;2(— 1) = l)a2(— 1) and 1)q;2(— 1) x 1)q;2(— 1) = 4q;i(— 1)^ + 

4^2 (—1)^- So we have a nonhnear system 



2ci = 2c,2 + 32a;2^ i = 1,2,3,4 
2x = t: 



4 



1=1 



If X 7^ then Q = 2 and 2 = + 64x2. 

Since the central charge of m is 1/2 we have 



1 ^ c2 

i=l 

and 1 = Ylt=i cf + 64x2. This is a contradiction. So x = 0. This implies that q = 0, 1 
and u = UJi for some i. □ 

By Lemma [6. 11 any automorphism a of induces a permutation of the four tUj. 

It is known from [FLM] that {y^)2 has a nondegenerate symmetric bilinear form 
(■,■) given by (u, f) = u-^v for u,v E (V^)2. The orthogonal complement of X in 
(V^)2 with respect to the form is spanned by q;i(— 1)q;2(— 1). Thus crai(— l)a2(— 1) = 
Aq;i(— 1)q;2(— 1) for some nonzero constant A. Since q;i(— l)a2(— 1) x q;i(— l)a2(— 1) = 
a;i(— 1)2 + Q;2(— 1)2 which is a multiple of the Virasoro element 00. This shows that 
A = ±1. 

On the other hand. 



By Corollary 3.3 of [DGH], 



V+ =L(-,Of^®L(-,-) 



So if the restriction of cr to X is identity, then the action of o on V\-, ® Vt-^ is 
trivial and on V~^, ® V"^, is ±1. Indeed, there is automorphism r of V^^ such that 
T acts trivially on Vt-^ ® and acts as —1 on V~^^ ® V~^^ by the fusion 
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role for V^^^ (see [ADL]). As ^^^^ ®K/2La generated by Ui for i = 1,2, 3, 4, any 
automorphism preserves V~t-_^ ^V~t-^ and its irreducible module V~^^ ® V"T-^ 

(cf. [DM1]). As a result, (r) is a normal subgroup of Aut{V^) isomorphic to Z2. 

Next we show how Sym^ can be realized as a subgroup of Aut{V^) by showing 
that any permutation a G Sym^ gives rise to an automorphism of Vj^. But it is clear 
that Sym/j^ acts on by permuting the tensor factors. In order to see that Syirii 
acts on as automorphisms, it is enough to show that a{Y{u, z)v) = Y{au, z)av 
for a G Sym^ and u,v E V^. There are 4 different ways to choose u,v. We only 
discuss the case that u,v E 1)®"^ since the other cases can be dealt with in a 
similar fashion. Let u = ®u'^ and v = ^v"^ where Ui, Vi are 

tensor factors in the i-th i). Let 3^ be a nonzero intertwining operator of type 

(r/i^iw?i In) - Then, up to a constant, 

Y{U, Z)V = y{Ui, z)Vi (g) y{u2, Z)V2 ® 3^('U3, z)v^ ® 3^(m4, z)Vi 

(see [DMZ]). Since cr is a permuation, it is trivial to verify that a{Y{u, z)v) = 
Y{(ru, z)av. 

So we have proved the following: 

Proposition 6.2. If b = in the Gram matrix G then L = \/2Lai x \^Lai and 
Aut{Vj^) ^ Sym^ x Zg. 

Remark 6.3. Here is a different proof that Aut{Vi]') contains a copy of Sym^ x Z2, 
using the theory of finite subgroups of Lie groups. Our lattice L lies in M = L^j. 
Take Vm, which is a lattice VOA. By |DNlj , Vm has automorphism group isomorphic 
to PSL{2,C) I 2. In PSL{2,C), there is up to conjugacy a unique four group and 
its normalizer is isomorphic to Sym^^. Correspondingly, in PSL{2, C) I 2 there is a 
subgroup isomorphic to Sym^ 12. In this, take a subgroup H of the form 2'^ : [Sym-i x 2] . 
Let t be an involution of H which maps to the central involution of H/ 02(H) = 
Sym^ X 2 and take R := Go2{H)it) — 2^. Take the fixed points V^. We have that 
is isomorphic to our V^. So, gets an action of H/R = 2'^:[Syms x 2] = Sym^ x 2. 

6.2 Li = and rank{L2) = 2; 6 = 2. 

Next we assume that h in the Gram matrix is 2. Then L = ^/2La2- Then L = 
Ztti + Za2 with (oj, Oj) = 4 and (ai, = 2. As before we define ui, U2 by using ai, 
U3, UJ4 by using 02 and u^, Uq by using ai + 0:2. Then c<jj, for i = 1, 6 form a basis 

of (\/+)2. 
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Lemma 6.4. If u & {^l)2 is a Virasoro vector of central charge 1/2, then u = cUi 
for some i. 

Proof. First proof. (There will be a second proof in the next section.) 
Let u = Yll=i ^i^i f*^^ some Cj G C. Then m is a Virasoro vector of central charge 
1/2 if and only if (m, m) = 1/4 and u x u = 2u. Note that 

{uji,uji) = 1/4, {uj2j-i,uj2j) =0, 1 < i < 6, j = 1, 2, 3 
{uji,ujk) ^ {uJ2,i^k) = 3,4,5,6. 

So we have 

1^1 1 

(li, li) = - ^ + — ^ ^ (c2j-lC2jt_l + C2j-lC2k + C2jC2k-l + C2jC2k) = ^■ 
i=l j=l,2 j<k<3 

In order to compute u x u we need the following multiplication table in {Vj^)2 : 





<^2i-l 


X UJ2i = 


0,i = 1,2,3 




a;i X a;3 = 


I, 

- [UJi + UJ3 




UJ2XUJ3 = 


I, 

-(a;2 + a;3 




(jJl X 004 = 


I, 

-[uji +a;4 




a;2 X a;4 = 


1, 

|(a;2 + 0^4 




CUi X UJ5 — 


1, 
4 


-Ua), 


<^2 X a;5 = 


1, 

-(a;2 + a;5 
4 




CUi X CUq — 


1, 

+a;6 

4 




a;2 X a;6 = 


1, 
4 


- <^4) 


UJ3XUJ5= 


1, 

-(a;3 + a;5 


-^2), 


a;4 X a;5 = 


I, 


- i^l) 


LO-iX UJQ = 


1 , 

-(CJ3 + u;6 • 


-^1), 


UJ2X UJq = 


I, 

-[uj2 +a;6 ■ 


~UJ2). 



Then u x u — 2u ii and only if 

1 



Ci + ^(cics + C1C4 + C1C5 + cice - C3C6 - C4C5) = ci 

•^2 + ^(C2C3 + C2C4 + C2C5 + C2C6 — C3C5 — C4C6) = C2 
C3 + |(C1C3 + C2C3 + C3C5 + C3C6 - C1C6 - C2C5) = C3 
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C4 + — (CiC4 + C2C4 + C4C5 + C4C6 — C1C5 — C2C6) — C4 
C5 + ^(ciCs + C2C5 + C3C5 + C4C6 - C1C4 - C2C3) = C5 
Cg + -(CiCg + C2C6 + C3C6 + C4C6 — C1C3 — C2C4) = Cg. 

There are exactly 6 solutions to this linear system: Cj = 1 and Cj = if j 7^ i where 
i = 1, ...,6. We thank Harm Derksen for obtaining this result with the MacCauley 
software package. This finishes the proof of the lemma. □ 

Proposition 6.5. If b = 2 in the Gram matrix, then L = \/2La2 o,nd Aut(y^) is 
the LVOA^ -group. 

Proof. First note that the Weyl group acts on L, preserving and acting as Sym^ 
on the set 

{{±«i}, {±02}, {±(ai + Oi2)}]- 

Now let a G AutiV^). Set Xj = {co'2j-i, ^^2*} for i = 1, 2, 3. Then Xj are the only 
orthogonal pairs in X = Xi U X2 U X3. Since aX = X we see that a induces a 
permutation on the set {Xi,X2,X3}. 

The above shows that 0(L) induces Sym^ on this 3-set. We may therefore assume 
that a preserves each Xj. In this case a acts trivially on q;i(— 1)^, a2(— 1)^, («i + 
«2)(~1)^- That is, (J acts trivially on the subVOA they generate, which is isomorphic 
to M(l)+. As a result, a is in the LVOA+-group. □ 



6.3 Alternate proof for 6=2 

The system of equations in the variables q which occurred in the proof of l6.4l can be 
replaced by an equivalent svstem IH77I which looks more symmetric. The old system 
was solved with software package MacCauley but not with Maple. The new system 
was solved with Maple and gives the same result as before. 

Notation 6.6. Let r and s be independent norm 4 elements so that t := —r — s 
has norm 4. Let w be an idempotent w = p + q, where p = ar"^ + bs"^ + ct^ and 
q = dvr + evs + evt which satisfies {w,w) = ^. Since {L,L) < 2Z, we may and do 
assume that the epsilon-function is identically 1. It follows that Vr x Vg = ft and 
similarly for all permutations of {r, s,t}. 

Lemma 6.7. From w"^ = w, we have equations 

(el) a = IQa^ + Aab + Aac - Abe + S 



20 



(e2) b = 16b^ + Abe + Aba - Aac + 

(e3) c = IQc^ + Acq + 4cb - 4ab + f 

(e4) d = 2d{16a + 46 + 4c) + 2ef 

(e5) e = 2e(4a + 166 + 4c) + 2df 

(e6) / = 2/(4a + 46 + 16c) + 2rfe 
and from {w,w) = j^, we get the equation 

(e7) = 32{a^ + 6^ + c^) + 16(a6 + ac + be) + 2{d^ + + p). 



Proof. Straightforward from Appendix: Algebraic rules. □ 

Proposition 6.8. There are just 6 solutions (a, 6, c, d, e, /) G to t/ie equations 
(el), . . . , (e7). r/iey are 0, 0, |, 0, 00), (^, 0, 0, — |, 0, 00) and ones obtained from 
these by powers of the permutation {abc){def). 

Proof. This follows from use of the solve command in the software package 
Maple. □ 

Remark 6.9. If we omit (e7), there are infinitely many solutions with d = e = f = 0. 
The reason is that the Jordan algebra of symmetric degree 2 matrices has infinitely 
many idempotents. It seems possible that the system in Lemma f6 . 71 could be solved 
by hand. 

6.4 Li = and rank{L2) = 2; 6 = 1. 

We now deal with the cases 6 = 1 in the Gram matrix. 

Proposition 6.10. Ifb = lin the Gram matrix, then A-ut(V^) is the LVOA^ group. 

Proof. By Corollarv I5.27[ any automorphism of preserves M(l)^, the result 
follows from Lemma f3. 31 □ 
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7 Aut{V^), for Li = 0, rank{L2) = 1 

In this case we can assume that L2 = {2ai, —2ai}. Let a2 & H such that (oj, Uj) = 
6ij. Then (V2'")2 is 4-dimensional with basis ^201, ^Q^i(~"l)^? |tt2(— 1)^, l)a;2(— !)• 

Lemma 7.1. Any automorphism ojV^ preserves the suhspace S^H of{V^)2 spanned 
by ia2(-l)',«i(-l)a2(-l). 

Proof. Since Virasoro vectors of central charge 1 in S^H span S^H, it is enough 
to show that any Virasoro vector of central charge 1 lies in S^H. 

2 2 

Let t = + + d^V2ai + (i4aiQ!2 be a Virasoro vector of central charge 1 
with d^ 7^ 0. Then we must have t x t = 2t and {t,t) = 1/2. A straightforward 
computation shows that 

t X t = dfal + dial + dl{2aiY + d\{a\ + al) + Adid3V2a^ + 2didiaia2 + 2(i2C?4ai«2- 
This gives four equations 

di = dl + Adl + dl 
d2 = dl + dl 
o?3 = 2did^ 
d^ = d^d^ -\- d2d^. 

The relation (t, t) = 1/2 gives one more equation: 

1 = Ic?? + -dl + dl + 2d\. 

Thus 

I = di + d2. 

Since ^3 7^ 0, lii = 1/2 and d2 = 1/2. So we have 

\ = ^dl + dl \=2dl + dl 
This forces cia = 0, a contradiction. □ 

Proposition 7.2. In this case, Aut{y^) is the LVOA^ -group. 

Proof. By Corollarv 15.271 any automorphism of preserves M(l)^, the result 
follows from Lemma [3.31 □ 
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8 Aut(V^), ioT Li^d) 

Finally we deal with the case that Li ^ 0. There are two cases: rank(Li) = 2 or 
rank(Li) = 1. 

8.1 rank{Li) = 2 

In this case L = or L = because these are the only rank 2 root lattices 
possible and each is a maximal even integral lattice in its rational span. 

8.1.1 L has type Aj 

If L = then AutiVi) = PSL{2, C) I 2 and 

Since the connected component of the identity in Aut{VL) contains a lift of — 1l, 
we may assume that such a lift is in a given maximal torus, so is equal to the 
automorphism e'^*^^^''/^, where /3 is a sum of orthogonal roots. 

It follows that = Vk, where K = 2L + The result |DNT] implies that 
Aut{V^) = Aut{VK), which is the LVOA group T2-Dih^. 

8.1.2 L has type A2 

Here, (V^)i is a 3-dimensional Lie algebra isomorphic to s/(2,C). The difficult part 
in this case is to determine the vertex operator subalgebra generated by (V^)i. Let 
= + such that (oj, Oj) = 2 and (ai, 02) = —1. The set of roots in L is 
Li = {±ai\i = 1, 2, 3} where 0^3 = ai+a2- The positive roots are {ai\i = 1, 2, 3}. The 
space (V^)i is 3-dimensional with a basis Vq. for z = 1, 2, 3 and (V^f )i is 5-dimensional 
with a basis ai{—l), a;2(— 1), e"* — e~"* for i = 1,2, 3. It is a straightforward to verify 
that (faj-ifo,. for i = 1,2,3 and ai{—lY for i = 1,2,3 span the same space. Thus 
^ = + ^(c^il"!) + 2a2(— 1))^ lies in the vertex operator algebra generated 

by iv^)i- 

In order to determine the vertex operator algebra generated by (V^)i we need to 
recall the standard modules for affine algebra 

aS^^ = sl{2, C) = sl{2, C) ® C[t, t-^] © CK 

(cf. [DL]). We use the standard basis {a,Xa,x^a} for s/(2,C) such that 

[o, X-i-Q,] ih2X-|-Q,, [Xq.,X_q,] Oi. 
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Wc fix an invariant symmetric nondcgcncratc bilinear form on s/(2, C) sucli that 
{a, a) = 2. The level k standard ^[^''-modules are parametrized by dominant integral 
linear weights |q; for i — 0,...,l such that the highest weight of the A^^^-module, 
viewed as a hnear form on Ca^CK C sZ(2, C), is given by |q; and the correspondence 
K ^ k. Let us denote the corresponding standard 74^^^-module by L(/c, |q;). It is well 
known that L(/c, 0) is a simple rational vertex operator algebra and L{k,^a) for 
i = 0, A; is a complete list of irreducible L{k, 0)-modules (cf. [DL], [FZ] and [L2]). 
Note that 

where Aj = ^^{k+l) -^(^' is the eigenspace of L(0) with eigenvalue Aj + n 

(cf. [DL]). In fact, the lowest weight space L{k, \ol)\^ of L{k, |q;) is an irreducible 
s/(2, C)-module of dimension i + 1. 

Since Vl^_^ is a unitary module for affine algebra (cf. [FK]), the vertex oper- 
ator algebra V generated by (V^)i is isomorphic to the standard level k 74^^^-module 
L{k,0) for some nonnegative integer k. Let {"Wi, ^2, t^s} be an orthonormal basis of 
sl{2, C) with respect to the standard bilinear form. Then a;' = 2{k+2) Si=i ^ 
V is the Segal-Sugawara Virasoro vector. Let 

Y{uj',z) = Y,L{nyz—'. 

Then 

[L(n)-L(n)',«^]=0 

for m,n E Z and u eV. So L{—2) — L{—2)' acts as a constant on F as F is a simple 
vertex operator algebra. As a result, L{—2) — L{—2)' — since the left side is both 
a constant and an operator which shifts degree by 2. The creation axiom for VOAs 
imphes that, to' — u. Since the central charge of o; is 2, the central charge 2^+2) ^' 
is also 2. This implies that /c = 4 and V = L(4, 0). Now is a L(4, 0)-module and 
the quotient module jV has minimal weight (as inherited from V^) greater than 
1. On the other hand, the minimal weight of the irreducible L(4, 0)-module L(4, |q;) 
is |||^ which is less than 2 for < i < 4. Since every irreducible is one of these, 
we conclude = V = L(4, 0). Since is an irreducible V^-module with minimal 
weight 1, we immediately see that — L(4, 2a). 
So we have proved the following: 

Proposition 8.1. If rank {Li) — 2 there are two cases. 

(1) If L — L^2 then is again a lattice vertex operator algebra Vk where K is 
generated by Pi, P2 with {Pi, Pi) — 4 and {Pi, P2) — 0. The automorphism group of 

is the LVOA^ group which is isomorphic to the LVOA-group for lattice K. 
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(2) If L = La2, then is isomorphic to the vertex operator algebra L(4, 0) and 
Aut{Vj^) is isomorphic to PSL{2,C) which is the automorphism group of sl{2,C). 

8.2 rank{Li) = 1 
8.2.1 L rectangulctr. 

We first assume that L — Zr + Zs such that (r, r) = 2, (s, s) e 6 + 8Z and (r, s) — 0. 
Then Vl = Vl^^ Vzs and 

Lemma 8.2. A group of shape {CP/Z^P ■ Z2) x Z2 acte on as automorphisms. 

Proof. We have aheady mentioned that V^^ is isomorphic to Vz/3 for /3) — S 
and is isomorphic to V^^+i^ as Vj^ -modules. We also know from [DNl] that 
Aut{Vzp) is isomorphic to C/3/(Z|/3) • Z2 where the generator of Z2 is induced from 
the —1 isometry of the lattice Z/?. The action of A/3 e C/3 is given by the operator 
g27r«A/3(o)_ jNjQ^g acts on V^^_,_i^ in the same way. But the kernel of the action 

of C/9 on Vj^f^j^ip is Z^/S instead of Z|/9. As a result, the torus C/9/Z|/9 acts on both 
Vip and Vj^pj^ip. By [DG], A-ut(V^) is isomorphic to ^^^s/Xs = Z2 which also acts 
on V^~. So the group (C/9/Zi/9 ■ Z2) x Z2 acts on as automorphisms. □ 

In order to determine AutiV^) in this case we need to recall the notion of com- 
mutant from [FZ]. 

Definition 8.3. Let V = (V, Y, 1, u) be a vertex operator algebra and U = {U, Y, 1, u') 
be vertex operator subalgebra with a different Virasoro vector uu'. The commutant 
oiU inV is defined by 

U" := {v e V\unV ^0,u eU,n>0}. 

Remcirk 8.4. The above space C/"^ is the space of vacuum-hke vectors for U (see 
[LI])- 

Lemma 8.5. Let V be a vertex operator algebra and t/* = {U\Y,l,u!^) are simple 
vertex operator subalgebras ofV with Virasoro vector ijf for i — 1,2 such that uj — 
u?- + 0;^. We assume that V has a decomposition 

as <S> -module such that ^U^, U"^ , the P* are inequivalent -modules 

and the are inequivalent -modules. Then {U^Y — U"^ and {U'^Y — U^. 
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Proof. It is enough to prove that {W^Y C U^. Let v G {U'^Y- Then f is a 
vacuum-hke vector for f/^. Then the t/^-submodule generated by v is isomorphic to 
f/^ (see [LI]). Since y is a completely reducible f/^-module and any ?7^-submodule 
isomorphic to U'^ is contained in ®U'^. In particular, v G ^ U'^. This forces 

veUKn 

Proposition 8.6. The group Aut{V^) is isomorphic to ((C/3/Z|/5) ■ Z2) x Z2. This 
can be interpreted as an action ofN{Zj3) x Z2, where {(3,(3) = 8. 

Proof. We have already shown that the group ((C/^/Z^/?) ■ Z2) x Z2 acts on 
as automorphisms. 

Let a be an automorphism of V^. Then a(3{—l) = X(3{—1) for some nonzero 
A G C as (V^)i is spanned by 1). This implies that a(]{n)a^^ = X(3{n) for n G Z. 
Since is precisely the subspace of consisting of vectors killed by (3{n) for 
n > 0, we see that crV^ C V^. Thus crL+ is an automorphism of V^. On the other 

Zs ^^^^^ 

hand, is the commutant of in V^^by Lemma 18.51 

The above show that a induces an automorphism of the tensor factor . The 
restriction of a to ® is a product cxi ® for some o"i G Aut{V^^ ) and 
(T2 G A-ut(V^). Multiplying a by a2 we can assume that cr = 1 on V^. As we have 
already mentioned, Aut{V]^^^) is isomorphic to (C/3/Z|/3)-Z2. Since (C/3/Z|/3) acts 
trivially on 1) and the outer factor Z2 is represented in Aut{V^) by action of ±1 
on 1). As a result ct/5(— 1) = ±/3(— 1). Now multiplying a by an outer element of 
(C/3/Z|/3) ■ Z2, we can assume that (T/3( — 1) = 1). 

Set = M(l) ® e"'^ ® V+ and Vr„/3+/3/2 = M(l) ® e^'^+^Z^ ^ fo^ n G Z 
where M(l) = C[/3(-n)|n > 0]. Then V+ = ©„gi2;Vrn/3 and u^v G for m G VT^ 

and V G VTi,, and n G Z. Note that VF^ is the eigenspace of /3(0) with eigenvalue 

/i). Since 1) = 1) we see that a acts on each as a constant and 
A^A^ = A^+^. As a result, a = e^^^^^^) for some 7 G C/3. That is, a lies in C/3/Zi/3. 
This completes the proof. □ 



8.2.2 L not rectangular 

Next we assume that L Zr 1. Zs. Then L = Zr © Z|(s + t) where (s, s) G 6 + 8Z 
and {s, s) > 14 (see K^. Let /sT = Zr © Zs. Then L = K U {K + ^{r + s)) and 

= V^r © Vi, © V^(z+i)r ® ThuS 



and 
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As before, we note that is isomorphic to V^p with = 8. 

Proposition 8.7. Assume that rank{Li) = 1, L 7^ Zr + Zs, r,s as above. Then 
AutiVj^) = (C/3/|Z/?) ■ Z2, where = 8. The action is trivial on the subVOA 

and leaves invariant. A generator of the quotient Z2 comes from the — 1 
isometry of \'L(3 and a G C/? acts as e^™^. 

Proof. Note that is a subalerebra of VT^ and 1, , is an irreducible 
V^-module. By Proposition I8.6[ 

Aut{V^) = ((C/?/^Z/?)-Z2) X Z2. 

As we have aheady mentioned that is isomorphic to Vip with /3) = 8 and 
is isomorphic to Vg^_,_i^ as Vz/3-module. It is easy to see that V^_^i^^ is isomorphic 

to V(^-|-i)/3 as Vi/3-module. So the action of CPfZ^P on cannot be extended to 

an action of V^. But the torus C/J/^Z/? does acts on V^. As a result, N(Z|/5) = 
(C/3/|Z/?) • Z2 is a subgroup of Aut{Vi^). 

The same argument used in the proof of Proposition 18.61 shows that that any 
automorphism a of preserves ® V^^. Since (g) V^, V£. ® V'^J.^i^^, (g) 

^(z+i)r ® ^(z+i)s inequivalent irreducible (g V^-modules (see [DM1] 
and [DLM]), we see that a preserves 

Since C/5/|Z/3 ■ Z2 is a quotient group of C/5/|Z/3 ■ Z2, we can multiply a by an 
element of C/?/|Z/5 ■ Z2 and assume that a acts trivially on the first tensor factor of 
Vj^. If a is the identity on V^, then a is either 1 or —1 on V^_,_i^^^^-j- If a is —1 on 

\/+ 1 , , then a = e^^^/^W is an element of C(3/lZ(3 ■ Z2. 

If a is not identity on then we must have a = e^^'^^^^^ on V^. We will get a 
contradiction in this case. Notice that the lowest weight space of V,t , , V,t , 1 , is 

1-dimensional and spanned by m = (e'^/^ + e~'~/^) ® (e*/^ + e"^/^). Since a preserves 
1, (g V,^, 1, , it must map u to Am for some nonzero constant A. Note that 
Mi(r+s,r+s)-i^ = 4. This forces A = ±1. On the other hand, 

= (e^ + e-') (g) (e^ + e"^) + • • • 

has nontrivial projection to the —1 eigenspace of a in . This forces A = ±i, a 
contradiction. □ 
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9 Appendix: Algebraic rules 



For the symmetric matrices of degree n, there is a widely used basis, Jordan product 
and inner product, which we review here. (This section is taken almost verbatim 
from [G4]). 

Proposition 9.1. H is a vector space of finite dimension n with nondegenerate 
symmetric bilinear form (•,•). 

r,s, . . . stand for elements of H and rs stands for the symmetric tensor r®s-\-s®r. 

rs X pq = (r, p)sq + (r, q)sp + (s, p)rq + {s, q)rp. 

{rs,pq) = {r,p){s,q) + {r,q){s,p) 

rs xvt = {r,t){s,t)vt. 

Definition 9.2. The Symmetric BUinear Form. Source: [FLM], p. 217. This form is 
associative with respect to the product (Section 3). We write H for Hi. The set of 
all and x+ spans V2. 

(2.2.1) {g',h')^2{g,hr, 
whence 



(2.2.2) {pq, rs) = (p, r) (g, s) + {p, s) {q, r) , for p, g, r, s G H. 



(2.2.3) 



2 a = ±/3 
else 



(2.2.4) (/,4) = 0. 

Definition 9.3. In addition, we have the distinguished Virasoro element uj and 
identity I :— \lo on V2 (see Section 3). If hi is a basis for H and h* the dual basis, 
then u = \ Y^ihih*. 

Remark 9.4. 

(2.4.1) {9\^)^{9,9) 



(2.4.2) 
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(2.4.3) 



(1,1) = dim{H)/8 



(2.4.4) {lu,uj) = dim{H)/2 
If {xi I i — 1, . . . £} is a,n ON basis, 

(2.4.5) I=iE^' 

i=0 

(2.4.6) ^ = ^E^'- 

i=0 

Definition 9.5. The product on V.f comes from the vertex operations. We give it 
on standard basis vectors, namely xy G S^Hi, for x,y E Hi and v\ := + e~^, for 
A G L2. (This is the same as x~^, used in [FLM].) Note that (3.1.1) give the Jordan 
algebra structure on S'^Hi, identified with the space of symmetric 8x8 matrices, 
and with (x, y) = ^tr{xy) . The function e below is a standard part of notation for 
lattice VOAs. 

(3.1.1) x'^ X y'^ ^ 4:{x,y)xy, pq x y^ = 2{p,y)qy + 2{q,y)py, 

pq X rs — (p, r)qs + (p, s)qr + {q, r)ps + (g, s)pr; 



(3.1.2) x^ xvx^ {x, A) V, xy xvx^ {x, A) {y, X)vx 

fo (A,//)G{0,±1,±3}; 

(3.1.3) vxx v^= <e{X,fi)vx+^ (A,/i) = -2; 

[a2 A = /i. 

Some consequences are these: 

Corollary 9.6. If Xi, . . . is a basis and yi, ■ ■ ■ is the dual basis, then ^ '■— \ Yli=i ^iVi 
is the identity of the algebra S^H. 

(1,1) = !• 
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